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1. INTRODUCTION 
Let X be a smooth, projectively normal algebraic variety in Pkn (projective 
space of dimension n over an algebraically closed field K). Let C (resp. C) 
be the at?ine (resp. projective) cone over X. Under an extra assumption, 
which we call negative grading, we relate the deformation theory of the 
vertex of C to the local Hilbert functor of C in Pn+l (see Section 2 for a 
definition), using techniques developed by Schlessinger [ll, 121. Finally 
when X is the rational curve of degree n in P”, our result enables us to 
compute explicitly the deformations of the vertex of its cone. 
We now give a detailed description of our results. We first set up some 
notation and review briefly the relevant elements of deformation theory. 
Details can be found in [lo] and [12]. 
Let R be a local K-algebra of finite type (in our case R will be the local 
ring of C at the vertex). Let T? be the category of local artin K-algebras, 
@ that of complete noetherian local K-algebras: hence if A E %? with maximal 
ideal m, then A/mi E $9 for all i. 
DEFINITION. An injinitesimal deformation of R to ,4 E V is a Cartesian 
diagram: 
R’------+R==R’@,k 
where A -+ R’ is flat. 
D, the local deformation functor from V to {sets}, takes A E % to iso- 
morphism classes of deformations of R to A, isomorphism being defined 
in the obvious way. We extend D to G? by t,aking inverse limits to get the 
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notion of formal defornzatioa. Our aim is to construct a minimal “complete” 
family of formal deformations, in the following sense: 
DEFINITION. A formal deformation 5 E: D(S), S E @, is versa1 if 
(i) any formal deformation 5’ E D(T) may be deduced from I: b:y a 
base change S -+ T. 
(ii) the Zariski tangent space of S is minimal for (i). 
S is then called.the formal moduli space of R; its tangent space (the K-vector 
space of first order deformations) is denoted T1. 
Schlessinger’s theorem [IO] implies that when Spec R has an isolated 
singularity at its closed point, then R admits a versa1 deformation. 
We study the deformation functor of (the local ring of) the vertex of the 
cone C: under the hypotheses of the opening paragraph, Schlessinger [IZ] 
shows that T1 has a grading C Tr(v), Y ranging from --03 to co. When 
Tl(v) = 0 for all positive v we say C has -negative grading. Our main result 
is the 
THEOREM. When C has negative grading, the natural morphism from the 
local Hilbert functor Hilb of f? in P la+l to the deformation functor D of the 
vertex of C is smooth. 
This means that if H prorepresents Hilb, then H is a formal power series 
ring over S, the formal moduli space of the vertex of C. Hence we get the 
algebra&ability of S directly, since H is algebraizable [S] or [I] without 
appealing to K. Elkik’s more general result 121. The proof of the theorem 
is given in Section 2. 
Loosely speaking, the theorem says that any deformation of the vertex 
of C lifts to a projective deformation of c; this simplifies the study of S 
in cases where the projective deformations of C are known. In Section 3 
we compute the simplest example of this: the cone over the rational curve 
of degree n in P . ‘I It can be viewed as the locus of the 2 x 2 minors of the 
matrix 
( 
x0 x1 x2 .-. Xnml\ 
i x1 x, x, ..* x, I 
Mumford [7] shows it has negative grading; in fact he shows that Tl(v) = 8 
for all v except v = - 1, and that T1(- 1) = 2n. - 4. Therefore we may 
apply the theorem. C is a surface of degree n in Pl’+l. Its projective deforma- 
tions are surfaces of the same degree, and such surfaces have a simple 
classification: the only singular one is C, the others are rational ruled surfaces 
and, if n = 4, the Veronese surface in P5 (e.g., [S]). Using this classification 
we determine in Section 3 the versa1 deformation of the cone by studying 
&/30/I&3-7 
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the Hilbert scheme at the ruled surfaces and the Veronese. We get the 
following results: the case n = 2 or 3 is uninteresting as there are no obstruc- 
tions. When 12 = 4, the formal moduli space is reduced with two components, 
the fibres of which are the rational ruled surfaces and the Veronese, respec- 
tively. When n 3 5 it is a nonsingular rz - 1 dimensional space with a 
0 dimensional embedded component at the origin. Therefore the reduced 
formal moduli space is smooth for all 12 except n = 4. 
The deformations have simple matrix representations. The 2 x 2 minors 




x1 - t, x, - t, X31: t, 
. . . -G-2 X,-l 
*-* X,-l - t+, x, ) (2) 
describe, for all n > 2, the deformations which, after homogenization in a 
extra variable Xn+r , are rational ruled surfaces. These deformations were 
known previously (Tjurina [14] who states, however, that there are no 
obstructions). When n = 4 we can write e as the locus of the 2 x 2 minors 
of the matrix 
x, Xl 4. 
t ) 
Xl x2 x3 (3) 
-G x3 4 
Then the component of the deformation space corresponding to the Veronese 
is a line k[t], and the fibre is the locus of the 2 x 2 minors of the matrix 
i 
x0 x1 x,-t 
Xl x2 x3 
1 
(4) 
XT, - t x3 x, 
which after homogenization is indeed a Veronese (cf. [13]). 
In an appendix we give a computational approach to the same example. 
The same method should apply to the cone over a nonsingular elliptic 
curve, suitably embedded, using the classification of surfaces of degree n 
in I?“. 
I would like to thank Professor Mumford for suggesting the computation 
of the appendix, and for many illuminating discussions and suggestions. 
2. PROOF OF THE THEOREM 
We keep the notation of the introduction. Schlessinger [12] shows that 
the following sequence is exact. 
fj HO(X, O,(v + l)),,i + f H”(X,Jtr,(v))+ T1-+ 0 (5) 
y-02 y-c.2 
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where J& is the normal bundle to X in P”. This gives a grading on Ti by 
pi = cokernel(Hs(X, O,(v + l))“+l + flO(X, &r(v))). 
Hilb, the local Hilbert functor, is the functor FZ to (sets) which to A E $2 
associates the Cartesian diagrams 
pi+” 3 y c- -’ C = Y XSpecA Spec k 
i I c 
Spec A -3 Spec k 
with Y flat over Spec A. D, the local deformation functor of the vertex of c, 
is defined in Section 1. We have a natural morphism of functors y: Hilb + D 
by “forgetting what happens at the hyperplane at infinity.” 
THEOREM. If T1 has negative grading, so that Tl(v) = 5 fop ait v > 5, 
then q~ is smooth. 
“Smooth” means that if B --f A is a surjection in %, then the obvious 
map Hilb(B) 4 Hilb(A) x D(A) D(B) is a surjection ([IO], $2). 
Proof. Let B + A be a surjection in Q?. We may assume that J = 
kernel (B --f A) has square zero, and that J nrg = 0, where nz, is the 
maximal ideal of B. This makes J a k-vector space. 
By standard obstruction theory we need only show 
(a) the map of tangent spaces Hilb(k[c]) -+ D(k[E]) is surjective. 
(b) Hilb is “less obstructed” than D. We make this precise below. 
Proof of (a). By Grothendieck [j], Hilb(k[E]) w NO(c, ally), where A$ 
is the normal sheaf to c in P . t+l Since the vertex p has depth 22 (X is 
projectively normal), and since A> is reflexive, by [l 11, Lemma 1: 
where B = C - p (“cone projectif Cpointe”; see [4], $8) and Ai is its 
normal sheaf. Now E = V(0,(-l)j, so we have a natural afhne structure 
morphism sr: B--f X. It is known that JQ a &+2/-, , so that 
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Since we are assuming F(v) = 0, for v positive, (5) induces a surjection 
Hilb(R[E]) e 2 HO(X, A>(v)) -+ T1 = D(k[e]) 
v--m 
(6) 
which is easily seen to be the tangent space map of qo. 
Proof of (b). Let l3 + d be as before. Take to E Hilb(A), co = 
q(fo) E D(A), and suppose that D is not obstructed on B + A, so that there 
is a [ E D(B) mapping to 5,. We must show that Hilb is not obstructed 
on B + 4, i.e., there exists a [ E Hilb(B) mapping to to such that q(e) = 5. 
Notice that since we are assuming that co lifts to I;, there is no local obstruc- 
tion to lifting lo: indeed C is smooth outside of p, so there is no problem 
lifting except at p [see 6, expose III], and 5 gives a lifting there. 
By [5], the global obstruction lies in Hl(Ps+l, a), where 
GE = xom@p+l .4 (=%co), 0, 63‘4 J>* 
Here 3(to) is the ideal of to in P:+’ and fit0 is its structure sheaf. 
since J . mA = 0, so fl = A%~~Oc(-F/~a, 0, @jr; J) since 0, @,, J is anni- 
hilated by nzA . OIEv . (3 is the ideal of C in Pz”). 
Since 0, has depth 22 at p, %GV@/~~, 0, ok. J) does too (Lemma 1 
of [ 111 again); therefore Hr(C, a) k Hi(& #0~(3/9,0~ & I). But 
9/p is locally free on i?, so X~GZ(S/~, 0~ BB J) lB w Ai @ J and 
therefore HI(C, 0’) c+ HI@, A’;) @ J. 
Let E = C - p, and let i: E c+ E be the inclusion. The restriction of 
the obstruction to E gives an element of 
which is 0, since on the whole affine C the extension is given by 5 ([12], $4.2). 
Now the restriction map i induces an injection 
ul(E, A;) = 5 H1(X, k;(v)) 4 2 Hl(X, A$(v)) = fP(E, c/Q 
Y--m Y--cI 
so the obstruction vanishes. Q.E.D. 
Rtiizark 1. The hypothesis of the theorem holds for any sufficiently 
ample embedding X C-+ P” ([12], $4.3). Mumford gives a numerical criterion 
when X is a curve ([7j, case I). 
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Remark 2. If F(0) = 0, we get some extra information. Write Hilbc 
for Hilb and let Hilb, be the Hilbert functor of X in P”. Let Z/J: Hilb, + Hilb, 
be the natural morphism of functors obtained by “restricting to the hyper- 
plane at infinity.” The theorem gives a section v’: D ---f Hilb, of 91, so 
that as soon as we have negative grading we get C/J 0 F’: D --f Hilb, . When 
F(0) L- 0 we may choose the section T’ so that # 0 p)’ is constant, i.e., 
all deformations of the cone map to the trivial element of Hilb, . We say 
that “the intersection with the hyperplane at infinity does not move.5’ 
3, EXAMPLE: THE CONE OVER THE RATIONAL CURVE OF DEGREE B IN P" 
We embed P1 in Pm by the complete linear system &(n): 
i:P1-+XCP’” 
The image X is a rational curve of degree n. We keep the notation of 
Section 1. 
By the theorem H = S[[r;, ,..., z,~]], where N is the dimension of the 
kernel in (6). By Grothendieck’s theorem [16], A$ = i, ej O&bj) , j ranging 
from I to n - 1, and Mumford’s analysis [7] shows that b; = YZ + 2 for 
alli. Hence 
f H”(X, ..c”,(v)) = Ho& A;) + H”(x, A;(- 1) 
1’-m 
dimension = (n - l)(n + 3) t 3(~ - 1) = 1~’ f % - 6 
Now Tr has dimension 272 - 4 ([7], or an easy computation using the 
expression for A(r), so that N = na + 3n - 2. 
We now use the notation Hilb for the global Hilbert functor of subschemes 
of Plztr and Hilb, for the local Hilbert functor at the subscheme F. Let 
f: W * Spec H be the total space of Hilb, . ?Ve consider Spec S as a sub- 
scheme of Spec H via the section 9’ of v given by the theorem, and examine 
the fibres off above points of Spec S. By the classification theory of surfaces 
of degree n in Pn+l [8] the fibres off are rational ruled surfaces or cones 
over rational curves, and if n = 4 Veronese surfaces. However, by Section 2, 
Remark 2, there are no cones in the fibres above Spec S except the original 
c above the origin, since F(0) = 0 [7]. By [12], $4.3, this is equivalent 
to the well known fact that all rational curves of degree n in Pn are projectively 
equivalent. Therefore the other fibres above Spec S are rational ruled 
surfaces and, if n = 4, Veronese surfaces. 
98 H. C. PINKHAM 
If we study Hilb, for a rational ruled surface F in Pn+r, we find: 
(a) W(F, &) = 0, so that Hilb, is smooth. 
(b) dim HO(F, JG) = n’ + 4n - 3 = (by smoothness) dimension of 
Hilb at the corresponding point. We defer these standard computations 
till the end of the section. 
Since Hilb, is smooth, and since Hilb is smooth over D by the theorem, 
we see that Spec S is smooth at the points with rational ruled surfaces as 
fibres, of dimension = dim. H”(F, Jr/-,) - N = n - 1. 
If n 3 5 this shows that Spec S is smooth outside the origin, of dimension 
n - 1. Furthermore there can be only one component through the origin: 
were there two or more, since they lie in a 2n - 4 dimensional space they 
would intersect outside the origin (they all are of dimension n - l), which 
would contradict the smoothness of Spec S outside the origin. So for 
n 3 5 Spec S is irreducible, except perhaps for a 0 dimensional component 
at the origin. The positive dimensional component is that found by Tjurina 
[14] and given by (2) of the introduction; it is obviously nonsingular at 
the origin. Therefore, since n - 1 < 2n - 4 = dim T1, Spec S does have an 
embedded component of dimension 0. This settles the case n > 5. 
When n = 4 we must also study Hilb, , for the Veronese surface I’ in 
P5. Since r is the image of P2 by the linear system C&(2), we get easily: 
(a’) H1( v, Al;) = 0 
(b’) dim HO(V, A$) = 27. 
Since for n = 4, N = 26, we see that Spec S is smooth and has dimension 1 
at points corresponding to Veronese surfaces. However we cannot conclude 
from this analysis that there is only one component corresponding to 
Veronese surfaces; this can be proved by the direct computation in the 
appendix. 
Proof of (a) and (b). (& and 5s + R 1 are the respective tangent bundles) 
(4 using the exact sequence 
and W(F, 0,) = 0, since F is ruled, we need only show H”(F, &) = 0. 
We have a structure morphism g: F --f Pr with smooth rational fibres, 
which gives an exact sequence 
0 + Y F,pl - JrF + g$JTpl 
where JY~,~~ = &@~nt(Q~,~~ , OF) and QF,sl is the sheaf of relative differentials. 
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We only prove H”(F, TFIpI) = 0. But YFIpl is a positive divisor since F 
is a family of smooth rational curves, and any positive divisor D on F has 
trivial p(F, GE(D)) by the exact sequence 
(b) by (7) and (a), dim HO(F, JV’,) = dim HO(F, &,,+I IF) - x(&), 
where x denotes euler characteristic. Using Riemann-Roth (see [15], p< 127, 
formula (***jj and the explicit formula for the canonical bundle of F in 
[9], $1, we get x(&) = 6, so that 
dim H”(F, A$) = (72 + 2)2 - 1 - 6 = fz2 f 4% - 3, 
as expected. 
4. APPENDIX: DIRECT COMPUTATION FOR THE 
CONE OVER THE RATIONAL CURVE 
As before, we embed P1 in Pn by the complete linear system C&n). This 
can be described by the matrix (1) in Section 1. Its ideal1 in P = k[X, ,..., XJ 
is generated by fii = X,X, - Xi+,Xj_, , 0 < i < II -- 2, i + 2 < j < n. 
There are N = n(?z - 1)/2 such generators. The relations between the fij 
are given by 
SFi = X,,,fij - x.ifkj + Xjfki k+l<i<j<n, O<k 
We want to give an explicit basis for T l. The well known exact sequence 
I/I2 + Qp,tr: Op B + L&q,, -r 0 
with B = P/I, gives after dualizing 
Hom,(Q,,, @ B, B) + Horn&/p, B) -• T1 -+ 0 
(see [12]). So we first exhibit a set of elements of Hom,(l/-T”, B) from which 
we later select a basis for T1. Elements of Hom,(l/l”, B) are N-tuples of 
elements of B, which we write as column matrices A, such that R . A L- 0 
(matrix multiplication), where R is the M x N matrix of relations of thefgj ~ 
i.e., the entries of R are the coefficients of RFj and Sfj . 
Note. Mis the number of relations. For convenience we index (1,2,..., N) 
by a double index (i, j) with 0 < i < II - 2 and i + 2 < j ,( n. (i,j) 
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corresponds to fij of course. If A is a N-vector, we denote by A(i,j) the 
corresponding entry. It is easy, albeit tedious, to check that the vectors 
below are in Hom,(l/P, B). We list only the nonzero entries. 
A a) O,(cu<n-I. Am(j, a+ 1) = Xj p j<oL-1; 
A&J) = -X3-, , 01 <<j - 2. 
B &) O<a<n-I. B,(j,a:+ 1) =&+I, j<a- 1; 
B&j) = -4, a <j-2. 
G C,(O,j) = -xi-z , 2 < j < n. 
G-1 G-l(j, 4 = xj+* , O\(j<n-2. 
Andifnb6, 
D bI, O<a<n-6. 
Wi 4 = 4+k--a-3 , O<j<a+3 and a+5<k<n. 
For n >, 5 it is easy to show they are linearly independent (over k); for n = 4 
we have one relation C, + A, + B, + C, = 0. 
On the other hand an elementary computation shows that the image of 
Hom,(% 0 B, B) in Hom,(l/P, B) is generated over B by B, , A, - B,,, 
(0 < 01 < n - l), and A,-, . 
Claim. A, (0 < 01 < n - 2), C, , C,-, and D, (0 < 01 < n - 6) are a 
k-basis for T1 if n > 5. If n = 4 delete C, to get a basis. 
Indeed, these give us 2n - 4 linearly independent elements in T1, and 
Mumford’s computation [7] shows that dim, T1 = 2n - 4. 
This completely determines the first order deformations. To get the 
higher order ones we “lift generators and relations.” (For a description of 
this process see [3], 93.1). W e now write F, for the column vector (fij), 
and F, for the first order lifting of F, which we have just computed: F, is the 
column vector 
where the t, and the s, are parameters. 
We lift the matrix of relations R, (previously denoted R) to first order; 
call the first order lifting R, . Since we must have R, . F, + R, . F, = 0 
(matrix multiplication) and since R, (resp. F, , resp. F,) is homogeneous 
of degree 1 (resp. 2, resp. 1) in the Xi , R, must be homogeneous of degree 0 
in the Xi . 
Next we want to lift to second order. By this we mean we want to find a 
vector F, and a matrix R, , of degree 2 in the parameters t, and s, , so that 
to solve the equation R, . F, + R, . Fl + R, . F, = 0 we introduce a 
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minimum number of relations among the parameters. This is what is meant 
by aersaZit3,. Now R, . F, has degree 1 in the & , and thus cannot cancel 
against R, . F, which has degree at least 2. Therefore we will be able to 
find a versa1 lifting with R, =: 0. Then F, is homogeneous of degree 0 
in the Xi . 
Finally the only higher order cross term is R, . F, , which has degree 0; 
it cannot cancel against any of the other third order terms, so it must be 
identically zero. All the higher Ri and F, may be taken to be 0. 
These homogeneity considerations make it possible to carry out the 
computation explicitly for small n. When n = 4 and t, , t, , t, , t, are the 
parameters corresponding to A, , A, , A, , C, respectively, then the formal 
versa1 deformation is k[[t, ,..., tJ/J, with J = (t,t, 7 t3td, t,(t, - tJ>, 
Therefore we have 2 components: the hyperplane t, = 0 and the line 
t, = t, = t, - t, = 0. The fibres of the deformation space above each of 
these components are given the 2 x 2 minors of the matrices (2) and (4) 
respectively. We omit the computation, noting only that the matrix R, has 
entries only involving t, . 
We do not pursue the computation further for n > 5, since we then 
have complete results from Section 3. 
Note added in proof. The main theorem of this article has been applied to show 
that the cone over a smooth curve of genus g > 1 embedded by a complete linear 
system of degree >4g x 6 has no smooth deformations. (H. C. Pinkham, Thesis, 
Harvard University, June 1974.) 
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